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The equilibrium equations, which govern the equations and boundary conditions for a thin elastic stressed beam with a periodic
structure, are derived by the method of averaging. Unlike previous publications [1-3], initial stresses comparable with Young’s
modulus of the beam material are considered. © 1999 Elsevier Science Ltd. All rights reserved.

Previously [1, 2] the three-dimensional problem of the theory of elasticity was converted into a one-
dimensional problem of the theory of beams when there are no initial stresses. The limiting one-
dimensional problem was obtained by the method of asymptotic expansions in the small-diameter
domain.

Note that the shearing force, which plays an important role in classical beam theory, was eliminated
in [1] from the equilibrium equations without obtaining any expression for it in terms of the axial
deformation and curvature (as in classical theory). In this connection, only the “axial force, moments-
axial deformation, curvature, and torsion” relation must be referred to the governing equations of stress-
free beams. A different situation arises when there are initial stresses. It was pointed out in [4, 5] that
the shearing forces in a stressed beam are asymmetrical, so that they cannot be eliminated by the classical
method. An analysis of the shearing forces led to the derivation of the classical stability equations by
methods of asymptotic analysis [4], and to stability equations when moments of the initial stresses are
present [S]. The following order of magnitudes were assumed in [4, 5]: elasticity constants of the order
of ™ (which guarantees non-zero bending stiffness as € —» 0), initial stresses of the order of £ [4]
(which corresponds to a non-zero axial force), and of the order of £ (which corresponds to non-zero
moments). It was pointed out in [4, 5] that the initial stresses have no effect on the stiffness of the beam
during torsion, which contradicts the resuits obtained for a thick rod in [6].

In this paper we consider the problem for initial stresses of the order of €. We will show, in particular,
that it is in precisely this case that the relation described earlier in [6] arises.

1. FORMULATION OF THE PROBLEM

Consider a region G, obtained by periodic repetition of a certain periodicity cell P, along the Ox;
axis from —a to a (see Fig. 1). The characteristic size of the periodicity cell (which is identical with the
beam thickness) € < 1, which is formalized in the form € — 0. As € — 0 the region G, contracts to the
section [~a, a]—the beam.

The equilibrium problem for a body with initial stresses has the form (6]

(! 0;dv;/dx;dx =0 (1.1)
for any function ve V(Gg) = {ve HY(G,) : v(x) = 0 whenx, = —a, a} (for more detail on these classes

of functions see [7]). Here, the relation between the actual stresses 6%, displacements u® and the initial
stresses G} has the form

o; = e (@ () + by (%), Y)Ouy 1 0x) = s"A,-jk, (y)(x;,y)ou; /9x, (1.2)
where £ *a;;(y) are the components of the elasticity constants tensor, b, ¥) = 6*(x;, X/€)8;; 0;FP(x;,
/7 ) dJ

x/€) are the components of the tensor of the initial stresses, 8 is the Kronecker delta and y = x/¢ are
fast (local) variables.
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Fig. 1.

It was shown in [4], that initial stresses of lower order lead to a stability loss if the axial force or the
moments are non-zero. We therefore impose the following conditions on the stresses

(61.)=0. (ohya)=0, i=1,2,3 a=23 (()=1/m|- dy) (13)
Y

where m is the length of the periodicity cell Y along the Oy, axis (see Fig. 1) and Y = {x/e : x € P} is
the periodicity cell in dimensionless variables.
If conditions (1.3) are not satisfied we must use the models proposed previously in [4, 5].

2. ASYMPTOTIC EXPANSION

We will take the asymptotic expansion for the variables of the stresses u® and the trial function v in
the form [1]

u® =u(x)+eu®(x,y)+... =u@x)+ i e"u(x,,y) (2.1)
n=|
coj= ¥ "0 (x,y) .2)
m=—4
v=vO0)+evO(x,y) +..= T evP(x,y) (23)
n=0

Here y = x/e are the fast variables and x, is the slow variable. The functions on the right-hand side of
(2.1)~(2.3) are assumed to be periodic in y; with period m.

Remark 1. The derivative of a function of the form Z(x,, y) is calculated by replacing the differentiation
operator in accordance with the rule [1]

0Z/ox =Z, +€7'Z,,, 0Z/dx,=¢"Z,, (x=2,3)

Here and henceforth the Latin subscripts takes the values 1, 2, 3, the Greek subscripts take the values
-2,3,m=-4,-3,...,andn=0,1,....
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Substituting (2.1) and (2.2) into (1.2) and taking Remark 1 into account we obtain
5 emof = I " A, y)h8 +€7uf) (24)
Here and henceforth we will use the notation: ,1y = d/dy; and ,ox = d/ax,,.
Equating terms of like powers of € in (2.4) we obtain
o )= ayy Lyl + by (x Y)usmr? + @y (x, y)uly> b (%1, Yl ) (2.5)

Note that o}, defined in (1.2) and o} defined in (2.5) are asymmetric with respect to .
Substxtutmg (2.2) and (2.3) into the equilibrium equation (1.1) and taking Remark 1 into account
we obtain
pAD [ €™ (ol () + €70y ))dz =0 (2.6)
m=-4n-0 G,

G ={z2=(x,Y2,y3)=(x,x,/€,x3/€): x € P}

3. THE EQUILIBRIUM EQUATIONS

Aswas pointed out in [8, 9], the equlhbrium equations when using the asymptotic method are obtained
independently of the “stress—strain” relation, i.¢. in the case considered, of (1.2). The equations for the
axial forces N -j) = (c(,, ) and the moment <M§ ) = 0(]1 ¥y were obtained for beams in [1]. We will give
the equilibrium equations taken from [1], which we will use below. These are

NS =0 (3.1)
-MEY +NGY =0, NG = (3.2)
(-3) _ N(—2) =0, Nt(x_lzl)x (3.3)

4. THE GOVERNING EQUATIONS FOR A BEAM (THE RELATION
BETWEEN THE FORCES AND MOMENTS AND THE DEFORMATION
CHARACTERISTICS)

To obtain the equations considered below we will use relation (2.6) with an appropriate choice of m
and n and trial function v. Note that the equations for c,,(’4) and ;0 are also independent of the
“stress—strain” relation (see [1] for more detail), while the specific tleature of the problem begins to
manifest itself with the expressions for o ) and Ojj 3 obtained from (2.5). We will put m = —4 and
n = 1 in (2.6) and take the trial functlon in the form v = gv(y). This leads to the following problem
(for more detail see [1])

ot?

of=0inG;, o{n;=0 on y, (4.1)

where n is the unit vector of the normal to the side surface y; of region G;.
From (2.5) and the definition of the quantities A, and by, we can write
) _ 1 0
65" = Ay (x, ), + g (5, Y, + 61 (01, )8l (4.2)
Proposition 1. Suppose the initial stresses satisfy the equations

ao /9x; =0 in G, o‘,lnl-O on S, (4.3)

Then

,”, Om)’,cn—O on y (4.4)

where v is the side surface of the periodicity cell Y.
Equation (4.4) is obtained by substituting into (4.4) expansions of the form (2.2) for the initial stresses.
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Proposition 2. If the initial stresses satisfy Eqs (4.3), then (c*,,) = 0.
According to Proposition 1 the initial stresses satisfy Eqs (4.4). Multiplying the equation from (4.4)
by y,, and integrating by parts over the periodicity cell Y, we obtain the required proposition.

Proposition 3. For any function Z(y) that is periodic in y; with period m, we have the equality
(6*3Z.) = 0. To verify this it is sufficient to multiply the equation from (4.4) by Z(y) and integrate by
parts over the periodicity cell Y taking into account the boundary condition from (4.4) and the periodicity
conditions.

Remark 2. The functions of the variable x, play the role of parameters in the problem in the variables
y [10]. The same occurs when integrating with respect to the variable y.

Problem (4.1) is written in the variables y. Taking Remark 2 into account, the solution of problem
(4.1) can be represented in the form

u® = NE ()l (x) + ypspepd(x) + V(x,) (4.5)

where ¢(x;) is an as yet undefined function (which has the meaning of the torsion of the beam), V(x;)
is an as yet undefined function (having the meaning of the axial displacement), s; = 0, s, = ~1 and
53 =1, the subscript B = 2if p = 3and B = 3 if = 2, {¢;} are basis unit vectors of a standard rectangular
system of coordinates, and N2'(y) is the solution of the cell problem

(A (NNE 1y + 3 () + by (¥)) j, =0 in ¥ (4.6)

(AgyINEL 1y + Byt (V) + by (YD1 =0 on y
N2l(y) is periodic in y, with period m.

Proposition 4. Cell problem (4.6) has the particular solution N&(y) = —y,e,, and the homogeneous
problem corresponding to (4.6) has the solution X(y) = ypsgeg.

Proposition 4 is important in view of the fact that it is precisely the presence of explicit solutions
which enables formula (4.5) to be obtained.

We first note that by,(y), = 6*by; 8, = 0in Y by virtue of (4.4), and by, (y),; = 6* 18, = O on y
also by virtue of (4.4).

Further we will verify that —y.e, is a solution of cell problem (4.6). Substituting —ye; into the left-
hand side of the equation from (4.6), taking into account the definition of the quantities 4;;; and by
we obtain (- a;10(Y) + bj1o(y)] + (V) = (@ij1oy) + 301(¥))5y —Dij1a, - The latter expression is
equal to zero. In fact, —a;;4(y) + a;01(y) = 0 by virtue of the symmetry of the elasticity constants [3],
while bjj1o, = 0 by virtue of (4.4). It can similarly be verified that, by virtue of (4.4), (—[a;16(y) + bj1a(¥)]
+ a,,-aley) n; = 0onYy.

We will verify that the function ypsgeg is a solution of homogeneous cell problem (4.6). Substituting
ysspep into the homogeneous equation corresponding to the equation from (4.6) and taking the definition
of the quantities 4;;; and by, into account, we obtain

(a8 *+bypesp).jy = (@23 — Gyz) jy + by, ;53 =0

in view of the symmetry of the elasticity constants [3] and (4.4). Similarly, for the function ypsgeg and
the homogeneous boundary condition from (4.6), taking into account the symmetry of the eﬁlsticity
constants [3] and Eqs (4.4), we obtain that

(a‘-jBB + bijBBsﬂ)nj =0 on Y
As a result, (4.5) can be written in the form
u® = NG (x) - yaeige () + Ypspepd(x) + V(x) (4.7)

Note that, in the case considered, the solution of the cell problem depends on the initial stresses,
since the principal coefficients in cell problem (4.6) are 4. The investigation of the cell problem carried
out earlier in [11, 12] for monolithic composites (it differs from (4.6) in the boundary conditions) showed
that, in general, the solutions of the cell problem depend in a complex non-linear way on the initial
stresses.
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Substituting (4.7) into (4.2) and taking into account the definitions of A, and b,;; we obtain
O5Y = (81 () + 0101, 7)1 = @10 (¥) — O (31,787 gy () + (4.8)
H Ay (1) + A (e YINg ey (DI, (1) + (@ (31, Y055 + O (51, Y5585 )0(x1)

Averaging (4.8) over the periodicity cell Y, and taking into account the symmetry of the elasticity
constants [3], Remark 2 and Proposition 2, we obtain

Ni(j-o = (O-‘(j-‘)) = ((5;1 )aia - (c;a )6,1 )ugf,)_‘. )+ 4.9)

+ <Au| 10, )+ Ay (%1, )’)Nc'vlk,ly (}’))“l(g?\- (x)+ (G;a )5p5.13¢(x1 )
When §j = 11, by virtue of Proposition 2 and conditions (1.3), the last formula in (4.9) takes the form

NG =(o§9) = A0 (x).  A©) = (@111 )+ A (=1, Y)Ng iy ¥) (4.10)

Although in general there is no guarantee that the quantity 4(c), which has the meaning of stiffness
to tension, is positive, we can state the following sufficient condition for it to be positive

Il <laul (411)

Condition (4.11) is “physically natural”, since the initial stresses cannot exceed the tensile strength
of the beam material, which in turn does not exceed 0.01 of Young’s modulus (and is often less) [3].
From the condition for A(c) to be positive, the equilibrium equation (3.12 and the boundary condition

ugo)(—a) = u{o)(a) = (), which follows from (2.1), we can conclude that ugo ) =0

Hence, when condition (4.10) is satisfied, Eq. (4.7) takes the form
u(l) =—y.e uﬂ, x + yBspeﬂq’(xl ) + V(x,) (4.12)
which is identical with the form of the function u(*) in the problem for a stress-free beam [1].

Proposition 5. Equilibrium equations (3.2) are satisfied identically when conditions (1.3) and the
conditions of Proposition 1 are satisfied.

To verify this consider the quantities in (3.2). Taking (4.12) into account, Eq. (4.8) gives
. * 0 *
03—4) = (Gjl (X[ .y)ﬁ,-a - O'I'a (xl .y)8,-| ‘(l}y(x, ) 4+ O'I’B(xl ,y)sBS,Bob(x, )

We integrate this equality over the periodicity cell Y. We also integrate this equality over the periodicity cell,
first multiplying it by yg, with j = 1. Taking into account Remark 2 and Proposition 2, we obtain

NG =(<0;1)5ia -(0;0;)5-'1 gzy(xx)*(";a)sp@p“’(xl) (4.13)

M,(; )= ((0;‘1)’5)850: “(0;'(1)'5)8" )u&’},(xu )+<°;'B)’p>~‘55a3¢("l)
Formula (2.5) with m = -3 yields
0,(,-—3) = Agg («‘1 B4 )“ﬁx +Ajjy (xl 4 )ul(fzv

Substituting expression (4.12) into it, we obtain

O'E-j-s) = =41 (Xl ,y)yau‘(:lex (Il ) + Aijﬂl (xl rY)YBSBq’,Ix ():1 ) + (4-14)

+Ajj (x| .}’) Vi 1x (xl )+ Ajju (x’ J)“g[)y

Equilibrium equations 53.2) with / = 1 contain the undefined function N{5>. To eliminate it from (3.2) we consider
the difference Ni5> — N1, which, using (4.14) and the definition of 4, can be written in the form
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M -NGD = (“&f’ - 051'13)) = (‘(031 -0118a1 )Yp>“;(s?1)m(xl )+

+((0;1 -0118a1)8 )5pdux + (0;1511; - G;ISul)Vk.Ix (4.15)

The coefficients on the right-hand sides of the formulae for N, 4 M?(;‘) from (4.13) and in (4.15) are equal to

zero by virtue of conditions (1.3) an Proposition 2. Consequentl)?, Eqs (3.2) are satisfied identically when i = 1.

We will investigate the next terms of the asymptotic expansion. We now choose m = -3,n = 1 and
v = gv(y) in (2.6). We then obtain the problem

o-(”'?} =0in G, st—s)n,- =0 on T (4.16)
Consider the next cell problems: the cell problem with respect to the functions N2%(y)

(Aiikl(y)Ng(kl,ly —a (y)ya ~ Sh(x.y )ail}’u)_,-j =0in ¥

(Aijkl(y)Ng‘k!.ly =8, (¥)Ve — O (x1.¥ )5n>'u)"j =0on Y (4.17)

N2(y) is periodic in y, with period m.
The cell problem with respect to the function Xf,(y) has the form

(Aiiu(y )ng.ly +ap (v )J’B-'s + G;l(xl 'Y)%)'nsp ),jy =0in Y

(Aijkl(y )xgk,ly + a5 (Y))'Bsp + 0;1 (Xl,y )5,3)’35;5)"1 =0onYy (4.18)
X3,(y) is periodic in y, with period m.

Then, taking Eqs (4.14) into account and using the functions NI, N2 X3, the solution of (4.16) can
be written in the form

u® =N2* (y)u«‘fhu(xl )+ X3(9)0.1x(x) + NG (0Witx(x1) ~ Yar Ve (%1) (4.19)
and substituting (4.19) into (4.14) we obtain
st—a) = (Ajn (21> ¥)Ye + A (21, Y)N, 3?.1,- (v ))“‘(:S}xu (x)+
+(Ayp (= ))’nsp + Agy(x1.y )x3 Koty (Y ,1 () +
Ay (%1 Y) + Aga (31 Y )N ki (YD Vi1 (1) +
HAjor (x1,¥) + Ajia(x1 Y DVa,1: (1) (4.20)

- We integrate (4.20) over the periodicity cell Y. Taking the definitions of A, and by, and Proposition
2 into account, we obtain

N'gj_” = Agvl.l-l’ + Ailjaug?{xlx + Bg¢,lx (4.21)

We multiply (4.19) by yg with j = 1 and integrate the result over the periodicity cell Y. Taking the
second condition from (1.3) into account we obtain

Mi(gg) =! Aipvl.lx + Azz'ﬁaut(l?{xlx + Bilbq’.lx (422)
where
AD =< Ay (¥, Y) + Ay (21, Y)Ng k1 (v) >

Ailja =< Aijn(xlv)'))’a + Ay (xi.¥)N. gt,ly(y) >
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'Ag =< (Agn (%1, ¥)+ Aana (%1, 7)oy ()7 >
'A,%a = (Aijll(xl y ))’a + Aijld(xl ,y)Nﬁ‘i;,(y))yp > (4.23)
B}} =< Ay (x1,¥)y8% + A% ’Y)ng.ly(Y) >

B,%g =<(A;p (xx»)'))'nsp + Ailkl(xl 'Y)ng,ly("))yﬂ >

Formulae (4.21) and (4.22) are the equations of the stressed beam. The coefficients (4.23) of formulae
(4.21) and (4.22) define the stiffness of the beam for extension, bending and torsion. Although formulae
(4.23) are similar in form to the formulae for stress-free beams from [1], there is an important difference
which is that the coefficients in (4.23) and the solutions of the cell problem depend on the initial stresses.

Using Propositions 2 and 3, formulae (4.23) can be written in the following form

Ag =< ayy (%1, )+ au(x.y N, c!!lk-ly(y )>
A‘;a = a,-jl 1 (xl.)')J'a +aijkl(xl 'y)Ng":-ly(y) >
IA,-B = (a,'"](xlvy)+ailkl(xl'y)N"’lka(y))yp >+

+< 01 (x1,¥) N ey (Y )p > 84
A.%a = <(ayy, (xl Yo + aijld(xl YN, 3‘3“.1_w(y ))ya >+< G;l(xl Y ))’a)'p >3 (4.24)

+< 0,', (x..}’)Ngi./y(Y)yp >8;
B =< Ay (x1,5)y85 + Ajua(%1,¥) Xa 1.1y (¥) > + < 0 (x1,3) X311, (5) > 8

B.%s =< (Ayp (xl ¥y )ys-'u + Ayu(x,y )ng.ly(y )))’a >+<0] l(x,,y ))’y)’g > 5,8,

As can be seen, in general all the stiffness characteristics of the beam depend on the initial stresses.

5. SHEAR FORCES

In the asymptotic theory shearing forces play a role that differs from the axial forces and moments.
This role is determined by their position in the equilibrium equations.
The equilibrium equations with i = 1 give, in particular

M) ~NGP =0, N3 =0 (5.1)

The quantities N D and NP in (5.1) have the meaning of hearing forces in the case of a classical
uniform beam. We will retain this meaning for them in the case in question. If N,%‘z) were symmetric
for ij (like the stresses or forces are symmetric in the problem without initial stresses [3]), they could
be eliminated in the usual way, namely, by differentiating the first equation in (5.1) and then using the
second equation to eliminate N;?. In the case considered there is no symmetry with respect to ij. We
will proceed as follows. Noting that in expression (2.5) for m = -2 some of the terms are symmetric
with respect to ij while some are not, we can write the equation

-2 -2 -2 -2

By Proposition 3 the last term on the right-hand side is zero. Substituting (4.19) into this equation
we obtain

K;=< (biju - bjiu)N::Ik > W= < (bijll _bjill)ya > Vo iz +

0
+< (bijlcl - bjikl)Ng(: >ullaaet < (bijkl —bji )ng > 1x (5.2)
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By virtue of the second condition from (1.3)
<(bijll "bjin))'a >=< 0;1)’01 > 8-~ <Gy, > 5, =0
When ij = 1§ we obtain
K'ﬂ = kﬁvl-lﬂl + kﬂaut(:%xlxlx + lp¢,1xlx (53)
where, taking into account the definition of by,
kg =< Gy Ny, > - <01 N} > 8,
kg = < G Ng > — < 07, Ng} > B, (5.4)
=< Galxgk >8y- <oy Xo4 > Opx

The equation for the bending moments follows from (5.1) (it is obtained by differentiating the first
equation of (5.1) and substituting N 1%-2) = NB({z) + K using the second equation of (5.1))

~Mg e = Kips (55)

The quantity M. (33) is defined by (4.22) while K3 is the defined by (5.3).

Hence, (5.5) does not contain the strictly shear orces N,§ 2 but only their antisymmetric part, given
by (5.3). To calculate the shearmg forces Nj 2 themselves, it is necessary to obtain the next terms of
the asymptotic expansion. This is not requlred for calculating the anti-symmetric part of the shear
forces.

For the torque M = M§§2) — M§3? we obtain from the first equation of (3.3) -M 3, = WN§? - Ng‘f)).
By (5.2) we have

K32 = le.lxlx + kuu((x?gxlxlx + l¢.lxlx (56)

where we have taken into account the definition of by,
* 11 & * ®
k =<0y Ngj >83— <Oy Noj >8y, kg =<OyN3§ >8y— <03, N5 > 8y (5.7)
* 3 *
=<0 X5y > 83~ <0y X5, > 8y,
As a result we have the following equation for the torques
—M'|x+ K32=0 (58)

The quantity M is defined by (4.22) and K3, is defined by (5.6). Note once again that Eq. (5.8) does
not contain the shear forces themselves but only their antisymmetric part.

The solutions of the cell problem, as was pointed above, are determined apart from a constant.
Moreover, the solution of cell problem (4 18) is determined apart from the function ygsgegt(x;).

Proposition 6. The above arbitrariness in determining the solutions of the cell problem has no effect
on the value of (5.4) and (5.7).

In (5.4) and (5.7) this arbitrariness leads to the occurrence of the terms (6*;;) and (6*,1vB). These
terms are equal to zero in view of condition (1.3) and Proposition 2.

6. BOUNDARY CONDITIONS
When the beam is rigidly clamped, we obtain the following equations from the initial boundary
condition u’(x) = 0 when x; = —qa, a and expansion (2.1) as in [1]

Vi(-a) = %(a) =40 () = 4¥(a) = g, (~a) = u®, (a) = &(~a) = ¥(a) = 0 (6.1)

In the case of a hinge support we also obtain the classical boundary conditions.
Differences arise when considering the free edge. In this case, taking n = 0, 1 and the trial function
v in the form v(x,) and €[y,v,(x;) + ysv3(x1)], we obtain
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N (-a)= NP (a)=0, M§¥(-a)= MG (a)=0, M(-a)=M(a)=0 (6.2)
NG(-a)=NED(a)=0 (6.3)

Equation (6.3) is inconvenient to use since, to obtain an expression for NG in terms of the
deformation characteristics, we must construct the subsequent terms of the expansion. We will proceed
as follows. According to equilibrium equation (3.3 —-M?IEQ »x + NP = 0, including when x; = —g, a.
Substituting N2 = N3P+ K, here we obtain — '12 1 + Kig = 0. Whenx; = —a, a we obtain

~M{G) +Kiq =0 when x;=-a,a (64)

Equation (6.4), which replaces (6.3), contains only the functions V;, u{?, ¢.

7. CYLINDRICAL BEAM

Suppose we have a classical cylindrical beam of a homogeneous isotropic material, in which only an
axial force acts. The latter means that 6, # 0, 6 = O when jj # 11.

In the case considered, the functions a;,, 67 are independent of y; and the solutions of the cell problem
can be sought in the form of a function of the arlguments 7] and y; [1]. We have (Z denotes one of the
functions—the solutions of the cell problem Ny, N3* or X3) AjuZ;. 5 = AijiaZi.cy = Gijkali.q bY Virtue
of the fact that Ay = kg + Ojudy and 67, = 0.

The free terms in the equations of the cell problem (4.6), (4.18), (4.19) are equal to zero by virtue
of Proposition 12 and the fact that 6}; = 0 when §j # 11 (this can be checked by differentiating them).

For the free terms in the boundary conditions of the same cell problem, by virtue of Proposition 1
and the fact that n; = 0 on yand 63 = 0, we have 6}n; = O on .

By virtue of this, the cell problem in the case considered is identical with the cell problem for a
cylindrical stress-free beam, considered previously [1], and NZ!, N2% N2 in (4.24) can be replaced by
N'%, N** X°_the solutions of the cell problem for a stress-free beam (obtained from (4.6), (4.28) and
(4.29) when o} = 0; for more detail see [1]). Taking this into account, formulae (4.24) in the case
considered can be written in the form

A] = AJ(0), Al = A(0), 'Ag ='A5(0), B = BY(0)
Afa = Aga(0)+ (03 (x,, ¥)ya3p )8, (1.1)

By = By(0)+ (01.1 (x1,¥)yryg )sysiy

The quantity T is defined in the same way as B. The argument (0) denotes the stiffness of the stress-
free beam. According to (7.1), in the case considered, the initial stresses only affect the stiffness for
bending and torsion.

Consider the stiffness for torsion. In the classical case it is defined as B = B}, — B%3. We have the
following expression for B

B=B(0)+ (o} (x1.y)(»} +3))

In this formula the last term is found to be identical with the term which takes the initial stresses into
account from [6].
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